The innermost stable circular orbit (ISCO) delimits the transition from circular orbits to those that plunge into a black hole. In the test-mass limit, well-defined ISCO conditions exist for the Kerr and Schwarzschild spacetimes. In the finite-mass case, there are a large variety of ways to define an ISCO in a post-Newtonian (PN) context. Here I generalize the gauge-invariant ISCO condition of Blanchet and Iyer [Classical Quantum Gravity 20, 755 (2003)] to the case of spinning (nonprecessing) binaries. The Blanchet-Iyer ISCO condition has two desirable and unexpected properties: (1) it exactly reproduces the Schwarzschild ISCO in the test-mass limit, and (2) it accurately approximates the recently calculated shift in the Schwarzschild ISCO frequency due to the conservative-piece of the gravitational self-force [Barack and Sago, Phys. Rev. Lett. 102, 191101 (2009)]. The generalization of this ISCO condition to spinning binaries has the property that it also exactly reproduces the Kerr ISCO in the test-mass limit (up to the order at which PN spin corrections are currently known). The shift in the ISCO due to the spin of the test-particle is also calculated. Remarkably, the gauge-invariant PN ISCO condition exactly reproduces the ISCO shift predicted by the Papapetrou equations for a fully-relativistic spinning particle. It is surprising that an analysis of the stability of the standard PN equations of motion is able (without any form of "resummation") to accurately describe strong-field effects of the Kerr spacetime. The ISCO frequency shift due to the conservative self-force in Kerr is also calculated from this new ISCO condition, as well as from the effective-one-body Hamiltonian of Barausse and Buonanno [Phys. Rev. D 81, 084024 (2010)]. These results serve as a useful point of comparison for future gravitational self-force calculations in the Kerr spacetime.
The innermost stable circular orbit (ISCO) is a point of dynamical instability in black hole (BH) spacetimes that separates stable, circular, and bound geodesic orbits from those that "plunge" into the BH event horizon. The location of the ISCO can be quantified in a gauge-invariant manner by specifying its orbital angular frequency as measured by a distant observer. For a testparticle in the Schwarzschild spacetime, this frequency occurs at m 2 Ω = 6 −3/2 , where m 2 is the mass of the BH.
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The location of the ISCO is important in the context of quasicircular, inspiralling compact binaries (an important source for ground and space-based gravitationalwave detectors) because it represents the point where the character of the orbit (and hence the gravitational waves) abruptly changes. Because of this, the ISCO frequency is often taken as the termination point of inspiral tem-plates. The ISCO is also important because its location encodes (potentially observable) information about the strong-gravity region of the BH spacetime. What happens if we no longer have a geodesic orbit? When dissipation (i.e., radiation-reaction) is included, the location of the ISCO is no longer precisely quantifiable-it becomes "blurred" into a transition region (in orbital radius or frequency) separating the adiabatic inspiral from the plunge [1, 2] . However, if we consider only conservative corrections to geodesic motion, a precise ISCO can (in some cases) continue to exist. In particular here we will consider two types of conservative corrections to geodesic motion: (i) the gravitational self-force (GSF; a force arising from the point-particle's finite mass which causes it to deviate from geodesic motion) and (ii) the force due to the spin of the test-body. 2 Calculations of the GSF are motivated by the need to model extreme-mass-ratio inspirals (EMRIs), an important source for the planned Laser Interferometer Space Antenna (LISA) [3] consisting of a compact object (m 1 ∼ 1-100M ⊙ ) inspiralling into a massive BH (m 2 ∼ 10 4 -10 7 M ⊙ ) with mass ratios q 10 −4 . Computing the GSF is challenging (see [4] [5] [6] [7] for reviews and references), but several groups have had recent success [8] [9] [10] [11] [12] [13] .
In particular, one of the concrete results to emerge from the self-force program has been the calculation by Barack and Sago (BS) of the shift in the ISCO frequency due to the conservative GSF in the Schwarzschild spacetime [14, 15] . This result is especially interesting because it supplies a gauge-invariant, exact strong-field result that is only computable using the full self-force formalism. (This is in contrast to standard BH perturbation theory calculations, which only provide access to the timeaveraged dissipative pieces of the self-force.) The resulting conservative GSF ISCO frequency shift can be expressed in the form
where BS calculated the value c GSF (0) = 1.2512(±0.0004). This value can be used to compare different GSF codes, and to set constraints on the effective-one-body (EOB) [2, [16] [17] [18] formalism (see [19] [20] [21] ).
In Ref.
[21] I compared the above GSF ISCO shift with ∼ 15 distinct post-Newtonian (PN) or EOB methods for computing the ISCO. Among those methods, two approaches-based on the EOB formalism and the standard PN equations of motion-have especially desirable features. In particular, the best agreement (∼ 10% error) with the BS result was found using a version of the EOB formalism in which a pseudo-4PN term is added to the effective metric and calibrated with the Caltech/Cornell numerical relativity simulations [22] . This method also adequately predicted (with ∼ 16% error) the ISCO frequency for equal-mass binaries as computed from sequences of quasicircular initial data [23] . However, in the absence of calibration, the method which most accurately reproduced the BS result was the gauge-invariant ISCO condition of Blanchet and Iyer [24] . 3 This condition is derived from a stability analysis of the 3PN (nonspinning) equations of motion; it takes the form
where x ≡ (M Ω) 2/3 , andĈ 0 ≥ 0 is required for stable, circular orbits to exist. The ISCO is found by solvinĝ C 0 = 0 for x (or Ω). The resulting value for the conservative GSF ISCO shift was found to be [21] which differs from the exact BS result by 14.7%. The above PN ISCO condition is especially interesting because it exactly reproduces the Schwarzschild ISCO (x = 1/6 or m 2 Ω = 6 −3/2 ) in the test-particle limit. It is surprising that a condition derived from the PN equations of motion can reproduce a strong-field result like the ISCO. 4 For example, a standard way to compute the ISCO in a PN context is by finding the minimum of the circular-orbit energy.
5 In the test-mass limit, the PN expansion of the circular-orbit energy,
converges slowly: to get within 8% of the exact result (x = 1/6) one needs to truncate the above expression at 4PN order or higher. Part of the motivation for developing "resummation" methods was to cure this problem while also providing a means to compute the ISCO for finite mass-ratio binaries. For example, Kidder, Will, and Wiseman [26, 27] modified the PN equations of motion by replacing the O(η 0 ) terms with the corresponding terms derived from the Schwarzschild geodesic equations (in the appropriate coordinate system). This enforced the Schwarzschild ISCO in the test-particle limit, but caused deviations from this value for finite-η. Similarly, Ref. [28] introduced Padé approximants to improve the convergence of PN-based templates (in part by again enforcing agreement with the test-particle limit). The EOB formalism provides the most successful version of this idea by modeling the two-body dynamics in terms of a Hamiltonian that is based on a particle with reduced mass µ = ηM moving in the "η-deformed" Schwarzschild background of a central mass M . It is in light of these resummation approaches that the ability of the Blanchet-Iyer ISCO condition to predict the Schwarzschild ISCO is surprising (and perhaps not widely appreciated).
A. Summary of results
It is possible that the ability of the Blanchet-Iyer ISCO condition to predict the Schwarzschild ISCO is coincidental. One of the primary objectives of this study is to 4 Indeed, one can see from Eq. (1.2) that the Schwarzschild ISCO frequency arises only from the 1PN equations of motion; the 2PN and 3PN terms affect only the O(η) corrections. Note also that in deriving this result, it was crucial to expressĈ 0 in terms of the gauge-invariant observable x rather than a gauge-dependent radial coordinate [24] . 5 The critical point defined in this way is sometimes called an ICO (innermost circular orbit). See Sec. II B of [21] (as well as Sec. IV A 2 of [25] ) for a discussion of the difference and relationship between the ISCO and ICO. In the rest of this article, I will refer to both terms as an ISCO. including all explicitly known spin terms up to 2.5PN order.
In the test-particle limit (η → 0), the ISCO determined from Eq. (1.5) can be compared with the ISCO of the Kerr spacetime [29] . This comparison can be performed by deriving a condition analogous toĈ 0 from the Kerr metric, expanding the result in powers of the BH spin (χ K 2 ), and comparing to Eq. (1.5) (see Sec. III for details). The resulting comparison shows that the two conditions agree up to the order to which the PN spin corrections are known. This comparison is also shown graphically in Fig. 1 . Note the large improvement in comparison with the 3PN energy function [which includes spin corrections; see Eq. (A1)]. Presumably, if higher-order spin corrections in the PN equations of motion were included, the error in comparison with the Kerr ISCO for large values of |χ 2 | would improve. This excellent agreement suggests that the standard PN equations of motion are able to exactly recover some strong-field results.
A second objective of this article is to calculate the shift in the ISCO frequency due to conservative effects (Sec. IV). In particular, two types of conservative effects are considered: the first due to the GSF, and the second due to the spin of the test-particle. As discussed above, the conservative GSF ISCO shift was computed in [14, 15] for a Schwarzschild background, and compared with various PN calculations in [21] . Here we focus on the ISCO shift in the Kerr background, for which GSF calculations are not currently available. Instead, we make predictions for what that ISCO shift might be according to two analytic approaches: the ISCO condition in Eq. (1.5) above and the recently developed spinning-EOB formalism of Barausse and Buonanno [20] (Sec. IV A). (In the latter case, the ISCO shift was calibrated to match the exact Schwarzschild result [14, 15] .) 
where Ω K (χ 2 ) is the Kerr ISCO frequency [29] . The shift in the ISCO due to the conservative GSF is parametrized by the function c GSF (χ 2 ). In Sec. IV B this function is calculated via the EOB andĈ 0 approaches; the results are presented graphically in Fig. 2 and tabulated in Table  I . It will be interesting to compare these numbers with future GSF calculations in Kerr.
In Sec. IV C the function c COspin (χ 2 ) is also calculated via the EOB andĈ 0 approaches. 6 However, in this case the EOB calculation via the Hamiltonian in [20] yields the exact (fully relativistic) result. This is because this Hamiltonian reproduces the Papapetrou-MathissonDixon equations of motion [33] [34] [35] [36] [37] [38] [39] [40] in the small-η limit. An analysis of the ISCO shift directly using the Papapetrou equations is also presented in Appendix B; the results are identical to those obtained from the EOB Hamiltonian (providing further confirmation of the work in [20, 40] ). These results are shown in Fig. 2 
and frequency shift of the ISCO due to the point-particle spin is given by 
II. GAUGE-INVARIANT ISCO CONDITION FOR SPINNING BINARIES
Following the stability analysis of the PN equations of motion in [24, 26] , we can generalize the gauge-invariant ISCO condition derived by Blanchet and Iyer [24] to the case of spinning, nonprecessing binaries.
We begin by writing the conservative PN equations of motion for two spinning point-masses as
On the first line we list the nonspin terms to 3PN order (see [41] for references); note that the radiation-reaction terms at 2.5PN and 3.5PN order are not present since we are only concerned with conservative corrections to the ISCO. The spin-orbit (SO) term at 1.5PN order and the spin-spin (SS) term at 2PN order were first derived in [42] . The SO term at 2.5PN order was first derived in [43] . Here I use the forms given in Eqs. (5.7) of [44] . The 2PN order quadrupole-monopole (QM) term was derived in [45] ; Ref. [46] shows how to concisely combine this term (when specialized to black holes) with the 2PN order spin-spin term [see their Eq. (3.8)].
A. Equations of motion and the relationship between spin variables
The spin-orbit contributions to the equations of motion given in [44] 
where r is the orbital separation in harmonic coordinates. The inverse relationship is given by
7 Throughout this section all of our spin variables are contravariant vectors. In [46] these are denoted with an overbar. Note that the spin variables used in Kidder [48] are the constant-magnitude, contravariant spin vectors denoted S c A here. Note also that we use the notation Σ for the quantities denoted ∆ in [46, 48] .
where the powers of c were added to show that the corrections to the spins are a relative 1PN order effect. We also note the relationship between the individual spin vectors [44, 46, 47] ,
Since the spin variables differ at 1PN order, the equations of motion (but not the equations of precession) will have the same form for the 1.5PN and 2PN spin terms (aside from the replacements S nc A ↔ S c A ), but the 2.5PN and higher-order spin terms will differ depending on the choice of spin variables. Throughout this paper the superscripts "c" and "nc" are sometimes dropped where either index would be appropriate.
The 2.5PN spin-orbit corrections to Eq. (2.1) are given in Eq. (5.7) of [44] in terms of the variables S nc and Σ nc . The equivalent expressions in terms of the constantmagnitude spin variables are found by substituting the relations (2.4) into the 1.5PN SO term [Eq. (5.7a) of [44] ], and combining the result with the 2.5PN SO term in Eq. (5.7b) of [44] (into which the substitutions S → S c and Σ → Σ c can be made since we only require accuracy to relative 2.5PN order in the spin terms). The resulting SO contributions to Eq. (2.1) in terms of the "c" spin variables are
In the above equations we define additional notation following [44] : the unit vector n = x/r points in the direction of the relative separation vector x = y 1 − y 2 ; v =ẋ denotes the relative orbital velocity; scalar products of vectors are denoted by (ab) ≡ a · b; and the mixed product of three vectors is denoted by (a,
The sum of the spin-spin and quadrupole-monopole terms is given in Eq. (3.8) of [46] ,
7) where
Note that Eq. (2.7) has the same form in terms of the "nc" spin variables; it is also only valid for Kerr BHs as the value for the Kerr quadrupole moment was used. Higher-order spin-spin corrections have recently been computed in Refs. [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] , but the explicit equations of motion have not yet been derived.
B. Restriction to the nonprecessing case
Now we restrict to nonprecessing orbits in which the individual spin vectors S A are aligned or antialigned with the direction of the Newtonian orbital angular momentum vector ℓ ≡ L N /|L N |. We additionally define the unit vector λ ≡ ℓ×n. Vectors can then be decomposed on the orthonormal basis {n, λ, ℓ} as in S = S n n + S λ λ + S ℓ ℓ; similar relations hold for Σ and S 0 (in either spin representation), as well as for v. The restriction to nonprecessing orbits having a fixed orbital plane in the direction of ℓ then implies the following relations:
The above relations allow the conservative PN twobody equations of motion to be put in the following form:
where
(2.11a)
The nonspin terms A NS and B NS have been explicitly calculated by various authors. The results can be found in Eqs. (181)-(196) of Blanchet's review article [41] . Denoting Blanchet's expressions by A B,NS and B B,NS , ignoring the dissipative terms at 2.5PN and 3.5PN orders, and using the form of the equations without the 3PN logarithmic terms, the nonspin terms in Eqs. (2.11) are related to Blanchet's by
The 1.5PN spin-orbit terms are found to be
and have the same form in terms of the "nc" variables. The 2.5PN spin-orbit terms in both spin variables are
Finally, the spin-spin + quadrupole-monopole pieces are
and have the same form in terms of the "nc" variables.
C. Perturbing the equations of motion
Having simplified the equations of motion, we now wish to study perturbations about the circular orbit solutions. We first reexpress the equations explicitly in terms of the polar coordinates (r, ϕ) of the relative position vector. Differentiating the expression for the velocity vector in Eq. (2.9a) and usingṅ =φλ andλ = −φn, the components of Eq. (2.10) along n and λ are given bÿ
This system can be reexpressed in first-order form by defining u ≡ṙ and ω ≡φ, resulting in three first-order equations in the variables (r, u, ω). Circular orbits correspond to the conditionsṙ =u = ω = 0. In particular, the conditionu = 0 and Eq. (2.17a) imply the following implicit relationship for the circular orbital frequency: 18) or, in terms of the PN parameter x ≡ (M ω 0 ) 2/3 ,
where a subscript 0 refers to quantities evaluated along a circular orbit and we have defined another PN expansion parameter γ ≡ M/r. Equation (2.19) provides an implicit relationship between the two PN expansion parameters γ and x. Later, we shall need an explicit PN expansion for γ in terms of x. To derive this relationship from (2.19), we first substitute a 3PN series expansion with undetermined coefficients, (2.20) into the right-hand-side of Eq. (2.19). Next we series expand the result in x to 3PN order, and equate the coefficients of like powers of x on both sides of the equation. This results in a linear system of 5 equations for the 5 unknowns in Eq. (2.20) . Solving this system easily yields
In terms of the nonconstant spin-magnitude variables, the 2.5PN order term in the above equation should be replaced with [see Eq. (6.3) of [47] ]
while the 1.5PN and 2PN order spin terms have the same form with "c" replaced by "nc". Now we examine linear perturbations to the equations of motion (2.17) about circular orbits parametrized by (r 0 , ω 0 ). Introducing a small expansion parameter ǫ, we substitute the following expansions into Eqs. (2.17): 
27b) The condition for the existence of stable circular orbits can therefore be expressed as 28) and the equality C 0 = 0 defines the ISCO. Using Eqs. (2.27) and (2.11), eliminating r via (2.21), and expanding to the appropriate PN order, one can express the stability condition explicitly in terms of x, yielding the following gauge-invariant condition for the ISCO:
In terms of the nonconstant-magnitude spin variables, the 2.5PN spin-orbit term is replaced with 
where the mass of the Kerr BH is denoted m 2 , and its dimensionless spin is χ
with negative values corresponding to point-particles with retrograde orbital motion). 8 An expression equivalent to Eq. (3.2) can be found by differentiating the reduced particle energy [29] 
where w BL ≡ m 2 /r BL and r BL is the Boyer-Lindquist radial coordinate. Some simple algebraic manipulation of dẼ/dr BL = 0 yieldŝ To derive a gauge-invariant version of Eq. (3.4), we first define the variable X ≡ |m 2 Ω K | 2/3 , which is analogous to the PN parameter x (in the test-mass limit, x → X). The frequency Ω K ≡ dϕ/dt refers to the circular-orbit angular frequency seen by a distant observer and follows from the Kerr geodesic equations [Eq. (2.16) of [29] ]:
, we invert Eq. (3.5) to obtain
In the notation of the previous section, the BH spin angular momentum is S K 2 ≡ χ K 2 m 2 2ŝ K 2 , where, in our restriction to nonprecessing circular orbits, the orbital angular momentum points in the ℓ =ẑ direction and we chooseŝ K 2 =ẑ.
Substituting this result into Eq. (3.4) , we arrive at the gauge-invariant relation
For χ K 2 = 0 we easily obtain the Schwarzschild value for the ISCO frequency (X = 1/6). One can verify numerically that solvingĈ 
We can also perform a PN expansion of Eq. (3.7) in X, which results in
Note that both expansions give consistent results at the appropriate orders in χ K 2 and X. This is especially interesting because in Eq. (3.8), no PN expansion has been made. It also suggests the presence of additional self-spin terms at 3PN and 4PN orders in the equations of motion (in addition to the currently known 2PN-order terms). Equation (3.9) suggests that cubic self-spin interaction terms will not appear until 3.5PN order.
The above expansions can now be compared with the test-mass limit of Eqs. (2.29) and (2.30). Taking η → 0, δm/M → −1, and (
This is valid for either choice of spin variable (χ Table I .] The method using the gauge-invariant conditionĈ 0 agrees exceptionally well for all spins up to χ 2 0.5. In the nonspinning case (χ 2 = 0), the agreement is exact. For nonzero spins, agreement with the exact Kerr result is limited by the fact that we only know the spin terms in the equations of motion to 2.5PN order. Note also that for small |χ 2 |, the error is symmetric about χ 2 = 0. This is in contrast with the ISCO computed from the 3PN energy function, for which the error increases (nearly) monotonically with increasing ISCO frequency (or decreasing radius). This indicates that the ISCO computed viaĈ 0 is limited not by finite-PN corrections but by finite-spin corrections.
In Appendix A we examine how other PN expressions agree with their Kerr-spacetime counterparts. We find that test-mass limits of the circular-orbit energy and the Keplerian relation γ(x) agree with their Kerr analogs if we identify χ 
IV. CONSERVATIVE SHIFTS IN THE ISCO
Consider the general behavior of the ISCO frequency when the test-particle has a non-negligible mass and spin (but assume that all spins are aligned or antialigned with the orbital angular momentum). The ISCO frequency can be split into the following pieces: COspin are corrections to this frequency (also in units of m 2 ) due to the conservative GSF and the spin of the smaller compact object, and δΩ GSF+COspin is a correction that results from cross-terms between both effects. If we assume that the mass ratio q ≡ m 1 /m 2 ≤ 1 is small, then we can rewrite Eq. (4.1) as
Multiplying by M/m 2 and using η = q +O(q 2 ) [19] yields
where c GSF = 1 + c ′GSF was labeled c ren Ω in [19, 21] for the χ 2 = 0 case.
In the remainder of this section, we shall concern ourselves with the calculation of the coefficients c GSF (χ 2 ) and c COspin (χ 2 ) via the improved spinning-EOB Hamiltonian of [20] and the new gauge-invariant PN ISCO condition in Eqs. (2.29) . In particular, we note that the improved EOB Hamiltonian is constructed such that the coefficients c GSF EOB (0) and c COspin EOB (χ 2 ) are exact.
A. The improved effective-one-body Hamiltonian for spinning binaries
Recently, Barausse and Buonanno [20] have constructed a new EOB Hamiltonian with the following features: (i) In the test-particle limit, the Hamiltonian reduces to the exact Hamiltonian of a spinning test-body in the Kerr spacetime [40] (to linear order in the testparticle's spin; this limit of the EOB Hamiltonian produces equations of motion and precession that are equivalent to the Papapetrou-Mathisson-Dixon equations [33] [34] [35] [36] [37] [38] [39] ). (ii) When PN-expanded, the EOB Hamiltonian reproduces the 2PN spin-spin and 1.5PN and 2.5PN spinorbit couplings for arbitrary mass ratios. (iii) The Hamiltonian includes an adjustable function K(η) that appears in the spinning generalization of the effective metric function A(r) [see Eqs. (6.9)-(6.11) of [20] ]; this function is adjusted to enforce agreement with the Barack-Sago conservative GSF shift in the Schwarzschild ISCO [14, 15] .
[But note that this adjustment does not guarantee good agreement with the (yet uncalculated) conservative GSF shift in the Kerr ISCO.] (iv) For arbitrary mass ratios, this improved EOB Hamiltonian provides a well-defined prescription to compute the conservative two-body dynamics and spin precession. (v) Finally, in the case of aligned or antialigned spins, this conservative dynamics produces a well-behaved ISCO for any mass ratio.
The improved EOB Hamiltonian of [20] is complicated to write out explicitly. For the case of equatorial (nonprecessing) orbits with spins aligned or antialigned with the orbital angular momentum, one can construct the Hamiltonian by starting with Eq. (6.1) of [20] and carefully following their paper for the subsequent chain of definitions (see Appendix C of [60] for an alternate presentation). Once the EOB Hamiltonian is constructed, the ISCO angular frequency can be computed from Eqs. (6.6)-(6.8) of [20] . Choosing units in which the total mass M = 1, I constructed a numerical code which computes the ISCO frequencỹ Ω EOB (η, χ 1 , χ 2 ) given the reduced mass-ratio η, the spin of the test-particle χ 1 , and the BH spin χ 2 . By construction, the resulting EOB ISCO has three important properties: (i) in the test-particle limit it reduces to the Kerr ISCO [Ω EOB (0, 0, χ 2 ) =Ω K (χ 2 )]; (ii) in the nonspinning case it reproduces the exact conservative GSF ISCO shift [c GSF EOB (0) = c ren Ω ≈ 1.251]; and (iii) it correctly accounts for the conservative ISCO shift due to the testparticle's spin (this was explicitly verified in Appendix B by directly analyzing the Papapetrou equations). .7)]. Note the perfect agreement of several of these quantities in the χ2 = 0 case, and the closeness in their values for small χ2 0.6 (see also Figs. 1 and 2 ).
χ2 Ω Kerr isco The conservative self-force ISCO shift parameter denoted c GSF in Eq. (4.3) is an especially interesting quantity because it is a gauge-invariant that can be calculated from self-force calculations. Barack and Sago [14, 15] have computed this quantity in the case of Schwarzschild, and in Ref. [21] this result was compared with multiple PN-based computations of the ISCO shift.
10 Gravitational self-force results are not yet available for the Kerr spacetime, but here we explore the predictions for the conservative GSF ISCO shift in Kerr given by two PNbased calculations: the spinning-EOB approach [20] and the ISCO computed via the gauge-invariant PN ISCO conditionĈ 0 [Eq. (2.29)]. Based on the comparison study in [21] , these two methods are the most viable approaches for computing the ISCO in the small-mass-ratio limit.
Using the EOB ISCO frequency calculated from [20] as described above, the corresponding conservative GSF 10 For other comparisons of PN and GSF results, see [9, 19, [61] [62] [63] .
ISCO shift parameter can be computed via
In the PN case a functionΩ C0 (η, χ 1 , χ 2 ) is computed by solving for the root of Eq. (2.29) numerically. The resulting conservative GSF ISCO shift parameter is defined by
Note that in this equation the denominator contains the functionΩ C0 (0, 0, χ 2 ) rather thanΩ K (χ 2 ). This is because the gauge-invariant PN ISCOΩ C0 does not reduce precisely to the Kerr ISCO (although it is very close for small to moderate values of χ 2 ; see Fig. 1 and Sec. III).
The resulting values for c GSF EOB (χ 2 ) and c GSF C0 (χ 2 ) are listed in Table I and plotted in the left-half of Fig. 2 . Note that while the EOB curve is calibrated to the exact result in the nonspinning case, there is no expectation that it will also predict the correct ISCO shift in the spinning case. The function K(η) will presumably need to be recalibrated when GSF results for the Kerr ISCO shift are available. To further explore the behavior of c GSF EOB (χ 2 ), I have varied the value of K from 0 to 4. Figure 2 shows 2.29). The left plot shows the ISCO shift due to the conservative gravitational self-force (GSF) as a function of the big BH spin χ2 (the test-particle is assumed to be nonspinning in this case). The solid (blue) "EOB" curve uses the Hamiltonian from [20] [which is fit to the exact Barack-Sago (BS) result in the nonspinning case] and Eq. (4.4). The dotted (green) "EOB (uncalibrated)" curve also uses this Hamiltonian, but the adjustable function is set to K(η) = 1/2. The dashed (red) curve labeled "C0" is from Eqs. (2.29) and (4.5). The right plot shows the ISCO shift due to the spin of the orbiting test-mass. In this case the "EOB" curve [Eq. (4.6)] exactly reproduces the ISCO shift computed from the Papapetrou equations (see, e.g., Appendix B; the Hamiltonian in [20] was constructed with this property). The "C0" curve [Eq. (4.7)] agrees precisely with the exact result in the χ2 = 0 case. The difference between the c COspin curves for nonzero χ2 arises from our limited knowledge of higher-order PN spin corrections.
one of these "uncalibrated" choices [K(η) = 1/2]. Varying K over this range changes the location of the "peak" of c GSF EOB (χ 2 ). While the Barack-Sago result is no longer reproduced for other choices of K (the difference with the Barack-Sago value at χ 2 = 0 gets especially large for K > 2), it is interesting to note that both the calibrated and uncalibrated curves approach similar values when χ 2 → ±1.
It will be very interesting to compare future GSF calculations of the ISCO shift in Kerr with the results shown here. Strictly speaking, the values for c GSF C0 (χ 2 ) cannot be precisely compared with the "exact" χ 2 = 0 GSF results because the ISCO frequency in this case does not reduce precisely to the Kerr value. Still, for a large range of χ 2 (as quantified in Fig. 1 ), an accurate comparison with future exact GSF results should still be possible. Note, in particular, that all three curves in the left-half of Fig. 2 roughly agree for χ 2 0.2. This is perhaps indicative that the exact GSF results will lie near those values. These predictions are likely to be most accurate for χ 2 ≈ −1; varying K from 0 to 4 near this value indicates c GSF EOB (−1) ≈ 0.8-1.1.
C. Conservative ISCO shift due to the test-particle's spin
It is also interesting to examine the ISCO shift parameter c COspin [Eq. (4.
3)] originating from the spin of the point-particle. Using the EOB ISCO frequency, this quantity is calculated via
(4.6) Although the quantity c GSF EOB above is not exact (except for χ 1 = 0), in this case the EOB Hamiltonian is constructed such that c COspin EOB (χ 2 ) is in fact the "true" value that would result from a calculation based on the Papapetrou-Mathisson-Dixon [33] [34] [35] [36] [37] [38] [39] [40] equations of motion. 11 This was verified by an explicit calculation directly based on the Papapetrou equations (Appendix B); the two methods give identical results for c COspin (χ 2 ). In the case of theĈ 0 ISCO condition, we define the compact-object spin ISCO shift via (χ 2 ) are listed in Table I and plotted in the right-half of Fig. 2 . This is a remarkable result. It indicates that the gaugeinvariant ISCO conditionĈ 0 not only predicts (i) the exact test-particle ISCO in the Schwarzschild case [24] , and (ii) the spin-expansion of the exact Kerr ISCO (Sec. III), but it also predicts the exact shift in the Schwarzschild ISCO caused by the test-particle's spin. This shift is embodied in the (fully relativistic) Papapetrou-MathissonDixon equations of motion, and it is rather unexpected that this shift could be predicted from an analysis based on the standard (nonresummed) PN equations of motion. Along with the other qualities mentioned above [and the closeness of c GSF C0 (0) to the exact Barack-Sago result], this further indicates that there is a special quality to the gauge-invariant ISCO condition in Eq. (2.29) .
In the spinning case, we see from (0) starts to deviate from the exact result as |χ 2 | increases. This is due to the fact that the gauge-invariant ISCO conditionĈ 0 is limited by the number of known spin corrections in the PN equations of motion. Once higherorder spin effects have been calculated and incorporated into these calculations, it is expected that the curves labeled "C 0 " in Fig. 1 and the right-half of Fig. 2 will even more closely approximate the exact results.
V. CONCLUSIONS
The primary objective of this study was the extension of the Blanchet-Iyer [24] ISCO condition to the case of spinning, nonprecessing binaries [Eq. (2.29) ]. When the test-mass limit of this condition is compared with the exact Kerr ISCO, they are found to agree up to the order to which the PN spin terms are explicitly known [cf. Eqs. (3.8) and (3.10) , and see Fig. 1 ]. In addition, the conservative ISCO shifts were also computed using this ISCO condition and the spinning-EOB Hamiltonian of [20] [see Table I and Fig. 2] .
The ISCO shift due to the conservative gravitational self-force should eventually be compared with the exact results from self-force calculations. This will allow an extension of the study in [21] to the Kerr case, and will provide insight into the relative accuracies of the EOB formalism and the standard PN equations of motion. For example, in [21] it was found that the Blanchet-Iyer ISCO condition more accurately reproduces the Barack-Sago ISCO shift than uncalibrated EOB methods. This excellent agreement in the Schwarzschild case could be coincidental, but it would be hard to dismiss if it were also true in the Kerr case. Comparison with exact self-force results in Kerr would clarify if the standard PN equations of motion or the (uncalibrated) EOB approach can more accurately predict strong-field, finite-η effects.
One of the most significant results of this study is that the PN ISCO condition in Eq. (2.29)-in addition to reproducing the Kerr ISCO for small spin and the Schwarzschild conservative GSF ISCO shift with good accuracy-also exactly reproduces the ISCO shift due to the spin of the test-mass. (This agreement is truly exact only in Schwarzschild since the spin corrections inĈ 0 are only known to quadratic order.) This provides further evidence that the ability of theĈ 0 ISCO condition to predict strong-field results is not coincidental. However, it is somewhat mysterious as to why this ISCO condition is able to accurately predict these strong-field effects.
In addition to explaining this agreement, future work could involve extending this study to more general orbits (such as precessing or eccentric binaries). The resulting conditions for the last stable orbit could then be compared with exact results from the Kerr spacetime.
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The energy for circular, nonprecessing orbits is 
where the first two lines contain the nonspin terms [64, 65] , the third line contains the 1.5PN spin-orbit term [44, 47, 48] and the combined spin-spin + quadrupole monopole term (for BHs only) [45, 46, 48] , and the fourth line contains the 2.5PN spin-orbit term [44, 47] . In terms of the nonconstant-magnitude spin variables, the 2.5PN spin-orbit term can be written as [47] 
while the 1.5PN and 2PN spin terms keep the same form but with "c" replaced by "nc". In the test-mass limit E PN reduces to
where χ 2 can be either χ [Recall thatẼ includes the particle's rest mass, so the orbital energy is E − 1.] Substituting Eq. (3.6) and expanding in X yields
which agrees with Eq. (A3) to the expected order. The orbital angular momentum (specialized to equatorial orbits) is given by Eqs. (6.10) and (7.10) of [47] ,
with the last two lines replaced by the following expression in terms of the "nc" spin variables: 
Note that the 2PN spin(1)-spin(2) term is zero [48] , but the 2PN quadrupole-monopole contribution has not been computed. The 3PN nonspin terms are given in general form in [66] , but have not been specified to circular orbits.
Also note that the spin-orbit terms in L differ even at 1.5PN order when one switches spin variable. Here we see that the Kerr angular momentum agrees with the test-mass limit of the PN expression only if we identify χ K 2 with χ c 2 . Note also that Eq. (A10) provides the test-mass limit of the previously unknown 2PN and 3PN pieces of Eq. (A5).
We also check for agreement between the PN and Kerr versions of the Keplerian relationship (see also Appendix B of [44] corresponds to an effective potential for the particle motion. 14 Here we have taken the positive square root to ensure that the particle energyẼ =Ẽ 1 → 1 when r → ∞ (in contrast to the negative root, for whichẼ 2 → −1). This allows us to rewrite the equation for the radial motion in the forṁ
where, for this appendix only, an overdot means d/dτ . The explicit forms for A and B can be inferred from the above equations but are not needed for the remainder of the analysis.
General solution for the ISCO of a spinning particle
The conditions for circular orbits (defined as orbits with constant r) are that bothṙ andr vanish. By differentiating Eq. (B8) and dividing byṙ,
we see that the conditions for circular orbits are equivalent toẼ = V eff (r,J z ) and ∂V eff (r,J z ) ∂r = 0.
To ensure that circular orbits are stable, we require that under a small radial perturbation of a circular orbit, r 0 → r 0 + δr, the particle is accelerated back to its initial configuration. Such a condition is equivalent to demanding that the perturbed coordinate acceleration satisfyδr = −ω 
The ISCO is found from the equalityω 2 0 = 0 (note that A is nonzero for physically relevant parameter values).
To evaluate the ISCO frequency, we first solve the algebraic system of equations ∂V eff (r,J z ) ∂r = 0 and ∂ 2 V eff (r,J z ) ∂r 2 = 0 (B12)
for the ISCO values of (r,J z ). This is done numerically, specifying a = χ 2 m 2 , s = χ 1 qm 2 , m 2 = 1, and using r = r 14 Eq. (2.27) of [68] has the wrong sign in front of the αγ term.
as initial guesses for the solution. The resulting values (r 0 ,J 0 ) are then used to determine the ISCO energỹ E 0 = V eff (r 0 ,J 0 ). The ISCO angular frequency is then found by substituting these quantities into Ω ≡ dϕ/dτ dt/dτ (B13) using Eqs. (B1a) and (B1b). This procedure allows the ISCO frequency to be computed as a function of (q, χ 1 , χ 2 ). The ISCO shift parameter c COspin (χ 2 ) is computed as in Eq. (4.6). Note that in this case c GSF evaluates to zero (as expected) and converting variables from (q, m 2 Ω) to (η, M Ω) does not affect the value of c COspin (χ 2 ) [see Eq. (4.3)]. The resulting values for c COspin (χ 2 ) are identical to those listed in Table I under c 
